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How can 
mathematics 

inform our 
understanding 
of infectious 

diseases?



Divide population by disease status

§ Susceptible 

§ Susceptible to infection 

§ Infectious

§ Able to transmit the infection

§ Recovered/Removed

§ Unable to transmit the infection

Basic SIR model
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Underlying assumptions

§  Biological 

§ Individuals can only be in one state at any given time.
§ Infection depends on interaction between S and I.

§ Recovery (and loss of immunity) occur at fixed rate.

§ Mathematical

§ All parameters are biologically realistic (e.g., non-negative)
§ Variables represent densities (scaled to be between 0 and 1)

§ Non-linear term: infection depends on interaction between S and I.
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Mathematical Implementation

§ Continuous-time
§ Differential equations (rates)

§ Discrete-time
§ Difference equations (risk)

§ Deterministic
§ Identical outputs with fixed inputs

§ Stochastic
§ Varied outputs with fixed inputs

S

I

R



Mathematical Implementation

§ Deterministic

§ Identical outputs with fixed inputs

§ Discrete-time

§ Difference equations 

§ Consider the population at time ! + 1 as 
a function of the population at time !
§ Movement between classes depends 

on transition risk (across the time 
step) and current population size

§ Order can matter!
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Discrete-time deterministic system
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Dynamics of Basic SIR model (no loss of immunity)



Phases of an epidemic
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Phases of an epidemic
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Phases of an epidemic
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Phases of an epidemic
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Dynamics of Basic SIR model



Basic model for infectious disease spread

Early COVID-19 data from Iceland



Simulating the discrete-time deterministic 
system
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Simulating the discrete-time deterministic 
system
1. Choose the parameters, initial starting values, and time vector.

 

 Important to pre-allocate memory for the vectors.

2. Iterate forward the simulation from starting to ending time with time step	∆!.
     Careful with time step and indexing.

!(∆,) = !(0) − $! 0 %(0) + '((0)
%(∆,) = %(0) + $! 0 %(0) − )%(0)
((∆,) = ((0) + )%(0) − '((0)

{$, ', )} {! 0 , % 0 , ((0)} , = [0,10]

!# = !$ − $!$%$ + '($
%# = %$ + $!$%$ − )%$
(# = ($ + )%$ − '($



Simulation of SIR model in R

Code file: 1_Intro_ID_SIR.R



Starting your R script

Basic set up



Setting up your simulation

Parameters, initial conditions, time steps, and pre-allocate memory



Setting up your simulation
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Setting up your simulation

Parameters, initial conditions, time steps, and pre-allocate memory



Setting up your simulation

Parameters, initial conditions, time steps, and pre-allocate memory



Setting up your simulation

Parameters, initial conditions, and pre-allocate memory



Code for running your simulation

For loop for simulation



Plotting



How do we convey results of the 
mathematical model of 

infectious disease?



Basic Reproductive Number: !0

Average number of infections 

caused by a typical infection 

in a completely susceptible population.



!0 as a threshold

Epidemic:  !0	 > 	1

Endemic:  !0	 = 	1

Elimination:  !0	 < 	1



Determining the basic reproductive number

Consider if infectious compartment is increasing

Using our infectious equation

As &' > 0, it only matters if *+' − - > 0!

!!"# − !! > 0

!!"# − !! = !! + '(!!! − )!!  −!!
!!

"!

#!

$

%

&

= '(!!! − )!!
= '(! − ) !!

Equivalent to  
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* > 1!



Basic reproductive number: SIR
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Define basic reproduction number:  

($ = %&!
' > 1

Interpretation:

($ = $!$ 	 ∗ 	
1
)

New infections 
per unit time

Length of time 
infectious



Basic reproductive number: SIR
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Define basic reproduction number:  

($ = %
' > 1

Interpretation:

($ = $	 ∗ 	 1)
New infections 

per unit time
Length of time 

infectious

(as ++ ≈ 1)

(as ++ ≈ 1)



Adding basic reproduction calculation 
for SIR model in R

Code file: 1_Intro_ID_SIR.R



Calculating "8 

Note that we assume inits["S"] = nTotal so the fraction of susceptible individuals is nearly 1.



How do we add biological realism 
to our mathematical model of 

infectious disease?



Adding a compartment: SEIR
Susceptible 

Exposed

 Infected but not yet infectious

 Time prior to infectiousness = latent period

Infectious

Recovered/Removed
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Discrete time model of SEIR system
Susceptible 

Exposed

Infectious

Recovered/Removed
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Simulation of SEIR model in R

Code file: 2_Intro_ID_SEIR.R



Changes necessary for SIR to SEIR model

• Four parameters

•  beta, kappa, gamma, sigma

• Four initial conditions and pre-allocated state 
variables

• S, E, I, R

• New epidemic event 

• Four equations to update
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Determining the basic reproductive number

Consider if infected compartments are increasing

Using our exposed and infectious equations

As &' > 0, it only matters if *+' − - > 0!

(+!"# + !!"#) − (+! + !!) > 0

= '(!!! − )!!
= '(! − ) !!

Equivalent to  
()!
* > 1!

(+!"#+!!"#) − (+!+!!) = (+!+'(!!! − -+!  +!! + -+! − )!!) −(+!+!!)	



Basic reproductive number: SEIR

Define basic reproduction number:  

($ = %&!
' > 1

Interpretation:

($ = $!$ 	 ∗ 	
1
)

New infections 
per unit time

Length of time 
infectious
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Basic reproductive number: SEIR

Define basic reproduction number:  

($ = %
' > 1

Interpretation:

($ = $	 ∗ 	 1)
New infections 

per unit time
Length of time 

infectious

(as ++ ≈ 1)

(as ++ ≈ 1)
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Adding transitions: SEIR with demography

Add natural birth and mortality.

Assumptions:

 All individuals are born susceptible.

 All individuals contribute to birth.

 Birth and death are balanced.
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Discrete time model of SEIR system
Susceptible 

Exposed

Infectious

Recovered/Removed
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Determining the basic reproductive number

Consider if infected compartments are increasing

Using our exposed and infectious equations

Assume  0' is in quasi-equilibrium: 0' = ()!6!
789  and then some algebra!

(+!"# + !!"#) − (+! + !!) > 0

= *+'&' − -&' − 20' 	− 2&'
= *+' − - − 2 &'	−20'	

(0'8:+&'8:) − (0'+&') = (0'+*+'&' − 40' −20' 	+&' +40' − -&' −2&') −(0'+&')	



Basic reproductive number: SEIR 

Define basic reproduction number:  

($ = %&!(
('"*)(("*) > 1

Interpretation:

($ = $!$ 	 ∗ 	
1

) + ; 	 ∗ 	 :
: + ;

New infections 
per unit time Length of time 

infectious

Probability of surviving
latent period
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Basic reproductive number: SEIR 

Define basic reproduction number:  

($ = %(
('"*)(("*) > 1

Interpretation:

($ = $	 ∗ 	 1
) + ; 	 ∗ 	 :

: + ;
New infections 

per unit time Length of time 
infectious

Probability of surviving
latent period

(as ++ ≈ 1)
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Differences in SIR and SEIR dynamics

Differences in:

• Slope of spread

• Timing of peak

• Width of peak

• Slope of decline

No difference in:

• Height of peak



Easy to add compartments and transitions

Shen et al, Scientific Reports, 2015.

Maxian et al, Epidemics, 2017.

S

Q

q(t)

UβUa Iδ

D

γ

E

ε

Rα

q(t)

ρ

susceptible

social 
distancing

undetected
infected

detected
infected

undetected 
recovery/death

detected
deaths

ρ

detected
recovered

Figure 1: Schematic of the compartments, with the rates of transfer between the com-
partments.

eral new compartments, which we will denote as U (Undetected infected), E (Excluded,
meaning undetected recovered and possible deaths), and Q (pseudo-Quarantine, a bin to
hold a segment of the susceptible and undetected infected populations, that allows us to
model lower contact rates due to social distancing). Furthermore, for modeling/fitting
purposes we add a separate compartment D for known infecteds who die; deaths from
the virus is a statistic that is generally available [14].

The rate equations are as follows:

dS

dt
= ��SUa � q(t)S + ⇢(E +R) (1)

dU

dt
= �SUa � (q(t) + ✏+ �)U (2)

dI

dt
= �U � (� + ↵)I (3)

dR

dt
= ↵I � ⇢R (4)

dD

dt
= �I (5)

dQ

dt
= q(t)(U + S) (6)

dE

dt
= ✏U � ⇢E (7)

Each compartment is normalized by the total population N (includes deaths from Covid-
19 but not births and deaths from other causes - see below); hence

S +Q+ U + I +D + E +R = 1. (8)

Note that the coe�cients ↵, �, �, ✏, �, and ⇢ are constants (to be evaluated from fits to
data).

Before we go through the individual equations we should discuss some of the recurring
terms and factors. First, the incidence rate �SUa, the average normalized new infections
in time, is nonlinear when a > 0. Here � is the contact rate, which is the average number

3

Khan, Bussel, & Hussain, arXiv, 2020.
McClure and Powell, Bulletin of Mathematical Biology, 2025.

Math becomes more difficult!



Simulation of SIR model in R with functions

  Code files: 
3_R_Intro_functions.R
4_Epi_functions.R
5_Intro_ID_SIR_functions.R



Simulation of SIR model in R with functions

Code file: 3_R_Intro_functions.R



Introducing functions

Generally, functions take input and give output



Introducing functions

Generally, functions take input and give output



Simulation of SIR model in R with functions

Code file: 4_Epi_functions.R



Function to initiate multiple populations



Function for epidemic events



Master function to run simulation



Simulation of SIR model in R with functions

Code file: 5_Intro_ID_SIR_functions.R



Load functions from another file

• Files must be in the same folder, unless a path is given.

• This loads the following functions:

• InitiatePop

• epidemic_timestep

• runSimNoMobility

• movement_timestep (Note: we did not discuss!)

• runSim (Note: we did not discuss!)



Setting up the information for each patch

• These 5 patches will be nearly identical! They differ in total population size.



Running the simulation



Running the simulation



Plotting the output
• Plot the outbreaks from each of the patches


