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How can
mathematics
inform our
understanding
of infectious
diseases?
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Underlying assumptions |
e
= Biological —
® |ndividuals can only be in one state at any given time. gwg
» Infection depends on interaction between S and |. "
: : : S R
= Recovery (and loss of immunity) occur at fixed rate.

= Mathematical
= All parameters are biologically realistic (e.g., non-negative)
= Variables represent densities (scaled to be between 0 and 1)
= Non-linear term: infection depends on interaction between S and I.



Mathematical Implementation

= Continuous-time = Deterministic

= Differential equations (rates) = |dentical outputs with fixed inputs

m Djscrete-time = Stochastic

|
= Difference equations (risk) [ ﬂ“ ) | = Varied outputs with fixed inputs
_t



Mathematical Implementation

= Deterministic = Consider the population attimet + 1 as
= |dentical outputs with fixed inputs a function of the population at time ¢

= Movement between classes depends
on transition risk (across the time
step) and current population size

= Difference equations [m = Order can matter!

m Djscrete-time



Discrete-time deterministic system

Susceptible ~ N
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Dynamics of Basic SIR model (no loss of immunity)
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Phases of an epidemic )f:

1. Start
2. Expansion

3. Peak
4. Resolution
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Dynamics of Basic SIR model
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Basic model for infectious disease spread
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Simulating the discrete-time deterministic
system

Susceptible ~ N
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Simulating the discrete-time deterministic
system

1. Choose the parameters, initial starting values, and time vector.
{8k, v} {5(0),1(0),R(0)} t=1[0,10]
Important to pre-allocate memory for the vectors.
2. Ilterate forward the simulation from starting to ending time with time step At.
Careful with time step and indexing.
S(At) = S(0) — BS(0)I(0) + kR(0) S; = So — BSoly + KR,
I(At) = 1(0) + BS(0)I(0) —yI(0) Iy =1Io+ [Solo — Vo
R(At) = R(0) + yI(0) — kR(0) Ry = Ro +yly — KRy



Simulation of SIR model in R

Codefile: 1 Intro ID SIR.R



Starting your R script

Basic set up

# Start from a fresh workspace

rm(list=1s()) # clear workspace

if (!is.null(Cdev.list())){dev.off()} # clear figures
cat("\014") # clear console

# Required Libraries
1f (!require('"ggplot2")) install.packages("ggplot2")
library(ggplot2)



Setting up your simulation

Parameters, initial conditions, time steps, and pre-allocate memory

# choose parameter values
parameters <- c(beta = 2/3, kappa = 1/30, gamma = 1/3)



Setting up your simulation

Parameters, initial conditions, time steps, and pre-allocate memory

# choose parameter values
parameters <- c(beta = 2/3, kappa = 1/30, gamma = 1/3)

# initial state variables
inits <- ¢(S =499, I =1, R = 0)



Setting up your simulation

Parameters, initial conditions, time steps, and pre-allocate memory

# choose parameter values
parameters <- c(beta = 2/3, kappa = 1/30, gamma = 1/3)

# initial state variables
inits <- ¢(S =499, I =1, R = 0)

# time to run simulation
time_vector <- seq(@, 300, 1)



Setting up your simulation

Parameters, initial conditions, time steps, and pre-allocate memory

# choose parameter values
parameters <- c(beta = 2/3, kappa = 1/30, gamma = 1/3)

# initial state variables
inits <- ¢(S =499, I =1, R = 0)

# time to run simulation
time_vector <- seq(@, 300, 1)

pre-allocate array for variables
= rep(NA,length(time_vector))
rep(NA,length(time_vector))
rep(NA,length(time_vector))
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Setting up your simulation

Parameters, initial conditions, time steps, and pre-allocate memory

# choose parameter values

# place initial conditions in first position of array
parameters <- c(beta = 2/3, kappa = 1/30, gamma = 1/3)

nTotal = sum(inits)

# initial state variables iEi% i l:ltzgning
'Lnl‘tS <- C(S = 499, I = 1, R = 0) R[l] — inits[:an:]

# time to run simulation
time_vector <- seq(@, 300, 1)

pre-allocate array for variables
= rep(NA,length(time_vector))
rep(NA,length(time_vector))
rep(NA,length(time_vector))
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Setting up your simulation

Parameters, initial conditions, and pre-allocate memory

# choose parameter values

# place initial conditions in first position of array
parameters <- c(beta = 2/3, kappa = 1/30, gamma = 1/3)

nTotal = sum(inits)

# initial state variables iEi% i i:zzzEnin%
'Lnl‘tS <- C(S = 499, I = 1, R = 0) R[l] — initSEHR"]

# time to run simulation 4 short £ t
time_vector < seq(®, 300, 1) shorter access for parameters

beta = parameters["beta"]
gamma = parameters["gamma" ]
kappa = parameters|"kappa"]

pre-allocate array for variables
= rep(NA,length(time_vector))
rep(NA,length(time_vector))
rep(NA,length(time_vector))

A H WDV



Code for running your simulation

For loop for simulation

# loop over time vector

for (t in 1:(length(time_vector)-1)){
# Epidemic events
newly_infected = I[t] * S[t] * beta / nTotal
recovered_today= I[t] * gamma
losing_immunity_today = R[t] * kappa

*

# Updating epidemic equations

S[t+1] = S[t] - newly_infected + losing_immunity_today
I[t+1] = I[t] + newly_infected - recovered_today
R[t+1] = R[t] + recovered_today - losing_immunity_today



Plotting

# pivot to long data frame

df.long = pivot_longer(df, cols = c("S", "I", "R"), # select the columns you want to make longer
names_to = "compartment", # new column name that contains the names of the old columns (S, I, R)
values_to = "population") # values from the old columns (S, I, R)

# plot
ggplot(data = df.long, aes(x = time_vector, y = population, color = compartment) ) + # Data and aesthetics
geom_line() + # Line plot

labs(x = "Time, days", # x label
y = "Population size", # y label
title = "SIR model", # plot title
color = "") + # legend title

theme_minimal()+
scale_color_discrete(breaks=c('S"', 'I', 'R")) # reorder lines



How do we convey results of the
mathematical model of
infectious disease?




Basic Reproductive Number: R,
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R, as a threshold

Epidemic: R, > 1
Endemic: R, =1
Elimination: R, <1
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Determining the basic reproductive number

Consider if infectious compartment is increasing ( f A ’

It+1_It>O ,3 l 'ﬁ‘ ly

Using our infectious equation gﬂ‘g -
Ity =1y = I + BSely —vI —1; "

S, R,
= BS¢ly — vl
= (BS: — VI
As I, > 0, it only matters if (8S; —y) > 0! Equivalent to BSe > 1!
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Basic reproductive number: SIR

Define basic reproduction number:

BSo

Ry = y

> 1

Interpretation:
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Basic reproductive number: SIR

Define basic reproduction number:

R0:£>1 (as Sy =~ 1)
|4
Interpretation:
1
Ry=p = )7 (asSp = 1)

New infections

s Length of time
per unit time

infectious



Adding basic reproduction calculation
for SIR model in R

Codefile: 1 Intro ID SIR.R



Calculating R

# calculating RO
RO <- beta/gamma
print(RO)

Note that we assume inits["S"] = nTotal so the fraction of susceptible individuals is nearly 1.



How do we add biological realism
to our mathematical model of

infectious disease?
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Adding a compartment: SEIR
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Infected but not yet infectious
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Discrete time model of SEIR system

E,
Susceptible - ~
St+1 = St — PS¢l + KRy L
)
Exposed ~ 4
Eti1 =Ec + BSi — ok, !
- R
Infectious T # )
[eyr =1 + oLy — vl That |
N Y,
Recovered/Removed St

Reyr = Ry + v — KR,




Simulation of SEIR model in R

Code file: 2 Intro ID SEIR.R



Changes necessary for SIR to SEIR model

* Four parameters
* beta, kappa, gamma, sigma
* Four initial conditions and pre-allocated state
variables
- SSE, LR

* New epidemic event

* Four equations to update



Changes necessary for SIR to SEIR model

# choose parameter values
* Four parameters parameters <- c(beta = 2/3, kappa = 1/30, gamma = 1/3, sigma = 1/10)

* beta, kappa, gamma, sigma # initial state variables

e e ere 1ni - = 4 E = I =1. R =
- Four initial conditions and pre-allocated state "'t < <05 = 499, 2, ’ @
variables # time to run simulation
. S EILR time_vector <- seq(@, 300, 1)

pre-allocate array for variables
= rep(NA,length(time_vector))
rep(NA,length(time_vector))
rep(NA,length(time_vector))
= rep(NA,length(time_vector))

* New epidemic event

* Four equations to update
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Determining the basic reproductive number

Consider if infected compartments are increasing

(Ety1 +Iey1) — (B¢ + 1) >0

Using our exposed and infectious equations

(Ety1Hley1) — (B¢ 1) = (Ec+pSedly — 0Ey +1; + oE, — yIy) —(E¢+1})

= BS¢ly — vl
= (BS: — VI
As I > 0, it only matters if (£S; —y) > 0! Equivalent to Boe < 1

14



Basic reproductive humber: SEIR

E, .
a0 R 4 I R
Define basic reproduction number: . A o A #
R. = BSo o ¢ M L
0 — Y ; ,
Interpretation: (. o 4 e )
1 Iy # !
R, = BS, * . TR UL
St R,

New infections

o Length of time
per unit time

infectious




Basic reproductive humber: SEIR
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Adding transitions: SEIR with demography

E, I,
4 N ~ N
LY YRR |
Add natural birth and mortality. 'n« 'ﬂ‘
TN J g PN
Assumptions: 2 ,
All individuals are born susceptible. /. — - —
u(Se +E.+ 1+ Ry) . 1 3
Allindividuals contribute to birth, ———————— gﬁﬂ. Al T’H‘ 'f["m
"
Birth and death are balanced. KA / ~ AM




Discrete time model of SEIR system
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Determining the basic reproductive number

Consider if infected compartments are increasing

(Ety1 +Iey1) — (B¢ + 1) >0

Using our exposed and infectious equations
(Et41He1) — (Ee ) = (E¢+pSely — 0Ey —pEy +1p +0Ey — vl —uly) —(Ey+1y)
= BSely — vl — pE: — ply
= (BSt —v — Wl —uE;

BStl
o+u

Assume E; is in quasi-equilibrium: E; = and then some algebra!



Basic reproductive humber: SEIR
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Basic reproductive humber: SEIR

Define basic reproduction number:

po

Ro = (Y+u)(o+u) > 1
Interpretation:
Ry =P :
(y + 1)
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Differences in SIR and SEIR dynamics

E+l (SIR)
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Easy to add compartments and transitions
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Simulation of SIR model in R with functions

Code files:

3 R Intro functions.R
4 Epi _functions.R
5 Intro ID SIR functions.R



Simulation of SIR model in R with functions

Code file: 3 R Intro functions.R



Introducing functions

Generally, functions take input and give output

# Functions can take no arguments
hello_world <- function() {
return(print("Hello world!"))

}
hello_world()



Introducing functions

Generally, functions take input and give output

# Functions can take no arguments
hello_world <- function() {
return(print("Hello world!"))

}
hello_world()

# Functions can take one argument

# Set default arguments for your functions

my_name_function <- function(name = "John Doe") {
return(paste@("Hello, my name is ", name, "."))

h

my_name_function()

my_name_function("Mickey Mouse")



Simulation of SIR model in R with functions

Code file: 4_Epi_functions.R



Function to initiate multiple populations

InitiatePop = function(IDs, initialInf_vec,totalPop_vec,beta_vec,gamma_vec,kappa_vec){

list(
ID = IDs,
I = initialInf_vec,

S = totalPop_vec - initiallnf_vec,

R = rep(0,length(initialInf_vec)),
beta = beta_vec,

gamma = gamma_vec,

kappa = kappa_vec,

nTotal = totalPop_vec,

frac_I = initialInf_vec/totalPop_vec



Function for epidemic events

##### Epidemic functions: infection, recovery, loss of immunity ####
epidemic_timestep = function(HPop){

for (i in 1:1length(HPop$R)){
# Epidemic
newly_infected = HPop$I[i] * HPop$S[i] * HPop$beta[i] / HPop$nTotal[i]
recovered_today_i= HPop$I[i] * HPop$gammal[1i]
losing_immunity_today_i = HPop$R[i] * HPop$kappali]

# Updating epidemic equations

HPop$S[i] = HPop$S[i] - newly_infected + losing_immunity_today_1i
HPop$I[i] = HPop$I[i] + newly_infected - recovered_today_1i
HPop$R[1] = HPop$R[1i] + recovered_today_i - losing_immunity_today_1i
¥
HPop

}



Master function to run simulation

###### Master function without mobility ####
runSimNoMobility = function(HPop,day_list) {

epidemic_curve <- data.frame(day=c(),
inf=c(),
stringsAsFactors=FALSE)

all_spread = matrix(@,length(day_list),length(HPop$I))
all_spread_today = matrix(@,length(day_list),length(HPop$I))
colnames(all_spread) = HPop$ID

#print(all_dates)

for (Ccurrent_day in 1l:length(day_list)){

print(day_list[current_day])
HPop = epidemic_timestep(HPop)

epidemic_curve = rbind(epidemic_curve,data.frame(day = day_list[current_day], inf = sum(HPop$I)))
all_spread[current_day,] = HPop$I

}
all_spread_2 = data.frame(day = day_list)

all_spread_2 = cbind(all_spread_2,all_spread)
list(HPop = HPop,epidemic_curve = epidemic_curve,all_spread=all_spread_2)

I



Simulation of SIR model in R with functions

Code file: 5 Intro ID SIR functions.R



Load functions from another file

* Files must be in the same folder, unless a path is given.

# source file with functions
source("Sat_PM/4_Epi_functions.R")

* This loads the following functions:
* InitiatePop
* epidemic_timestep
* runSimNoMobility
* movement_timestep (Note: we did not discuss!)

* runSim (Note: we did not discuss!)



Setting up the information for each patch

* These 5 patches will be nearly identical! They differ in total population size.

# define

n =5 # number of patches

# create n identical patches

IDs = seq(1l,n) # ID of patch

initialInf_vec = rep(1l,n) # initial number of infected individuals
totalPop_vec = sample(10000,n) # total population size

beta_vec = rep(2/3,n) # transmission parameter

kappa_vec = rep(1/30,n) # waning immunity parameter

gamma_vec = rep(l/3,n) # recovery parameter

day_list = seq(0,50,by=1) # days for simulation



Running the simulation

# initialize populations
HPopl <- InitiatePop(IDs,initialInf_vec,totalPop_vec,beta_vec,gamma_vec,kappa_vec)



Running the simulation

# initialize populations
HPopl <- InitiatePop(IDs,initialInf_vec,totalPop_vec,beta_vec,gamma_vec,kappa_vec)

# run simulation
HPopl <- runSimNoMobility(HPopl,day_list)



Plotting the output

* Plot the outbreaks from each of the patches

# pivot to long data frame

df.long = pivot_longer(HPopl$all_spread, cols = c(colnames(HPopl$all_spread[,1:n+1])), # columns you want to make longer
names_to = "compartment", # new column name that contains the names of the old columns (S, I, R)
values_to = "population") # values from the old columns (S, I, R)

# plot
ggplot(data = df.long, aes(x = Iday, y = population, color = compartment) ) + # Data and aesthetics
geom_line() + # Line plot

labs(x = "Time, days", # x label
y = "Population size", # y label
title = "SIR model", # plot title
color = "") + # legend title

theme_minimal()



